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Abstract. The trade of a fixed stock can be regarded as the basic process that measures 
its momentary price. The stock price is exactly known only at the time of sale when the 
stock is between traders, that is, only in the case when the owner is unknown. We show 
that the stock price can be better described by a function indicating at any moment 
of time the probabilities for the possible values of price if a transaction takes place. 
This more general description contains partial information on the stock price, but it also 
contains partial information on the stock owner. By following the analogy with quantum 
mechanics, we assume that the time evolution of the function describing the stock price 
can be described by a Schrodinger type equation. 

1 Introduction 

m 

The stock price can only be determined at the time of sale when it is between traders. 
We can never simultaneously know exactly both the ownership of a stock and its price: 



If we know the owner then we have no information on the stock price. 
If we know the stock price then we have no information on the owner. 



. In quantum mechanics [T] we have a very similar situation: 

• If we know the position of a particle then we have no information on its momentum. 

• If we know the momentum of a particle then we have no information on its position. 

In quantum mechanics, the two situations (exactly known position, exactly known 
momentum) represent only particular states of the considered quantum system. The 
general state, described by a normalized wavefunction ip, generally, contains partial 
information on both position and momentum: 

• |^(x)| 2 represents the (density of) probability to find the particle at point x 

• \F[^]{p)\ 2 , where 

F[ip](p) = -jL= [ e-' lpx/h iP(x)dx 
y/2'Kh J 

is the Fourier transform of tp, represents the (density of) probability for our particle 
to have a momentum equal to p. 
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By following the analogy with quantum mechanics, we propose a more general de- 
scription for the price of a stock which allows us to distinguish cases in which we have 
only partial information on the stock price but at the same time partial information on 
the owner. In the proposed description the cases when the price or owner is exactly 
known represent just particular cases. 

The mathematical modeling of price dynamics of the financial market is a very com- 
plex problem [2]. We could never take into account all economic and non-economic 
conditions that have influences to the market. Therefore, we usually consider some very 
simplified and idealized models, a kind of toy models which mimic certain features of 
a real stock market [HI HI El IS] - We consider that a finite-dimensional Hilbert space is 
sufficient for our purpose, and our model is based on the mathematical formalism used 
in the case of quantum systems with finite-dimensional Hilbert space [T . This formalism 
is essentially based on the finite Fourier transform. 

2 Finite Fourier transform 

Let N > be a fixed integer number. The space T-L of all the complex functions 



<p:{0,l,...,N-l} 



C 



can be identified with the Hilbert space C 



by using the one-to-one mapping 



n 



if we define in % the addition of two functions 



(ip + ip)(n) = (p(n) + ip(n) 



the multiplication of a function by a complex number 



(Xip)(n) = \ip(n) 



and the scalar product of two functions 



N-l 




71=0 



The number \\(p\ \ = \J (<p, (p) represents the norm of ip, and the function 
$ : {0,1,...,7V-1} — >C, = ^j- 




satisfying the relation 



|$(0)| 2 + |$(1)| 2 + ... + |$(7V-1)| 2 = 1 



represents the normalized function corresponding to (p. 

The transformation, called the finite Fourier transformation, 



f 



JV-l 





2 



is one-to-one, and the corresponding inverse transformation is 

N-l 

More than that, it is a unitary transformation: for any ip and ip we have 

Examplel. Let me{0, 1, ...,N — 1} be a fixed element. The finite Fourier transform of 

1 if n = m 



5 m : {0,l,...,iV-l}— >C, S m (n) = 



if n m 



is the function 



.F[<y : {0,l,...,iV-l} — >C, T[5 m ]{k) = -L e ~^ k " 

v N 



with property (see Figure 1) 



i.F[<y (o)i 2 = \mn](i)\ 2 = ■■■ = \ns m ](N-i)\ 2 = -. 



15 20 



1 1 t t t t t t t t t t t t t t t t t t 
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Figure 1: |<5 m (n)| 2 and |J r [<5 m ](fc)| 2 in the case when N = 21 and m = 7. 



Example 2. The Jacobi theta function [8| l9| flO] 

OO 

6 3 (z,t)= e iW e 2TriQZ , 3m(r) > 



has several remarkable properties among which we mention: 



%{z + m + nT,T)= e- i7rTn e ~ 27rinz 6 3 (z, r) 



%{z,fr) = ^exp" 



and PI1H2] 



k ik 
13 yN'N) = v,.- Y 



N-l 

E 



n i \ 
N'~k~NJ 



For any k <E (0, oo) the function 
7 «:{0,l,...,iV-l}- 



7«(«) = e ™ 



(miV+ra) 2 



m— — oo 



can be expressed in terms of the Jacobi function 83 as 

7«(«) : 

and satisfies the relation 



^0 



Since ||7± || = v^H^h^H = V^I|7k||i the normalized function 

7« in) 
|7«II 



T„:{0,1,..,JV-1}— ^C, T K (n) = 



satisfies the relation 



J-[T K ] = Ti. 



|*(n)| 



in 15 20 



^1 



10 15 20 



Figure 2: |*(n)| 2 and |J"[*](fc)| 2 in the case when N = 21, k=|, n = 7 and fc = 14. 



For any no, fco G Zjy = {0, 1, N—l}, the Fourier transform of the function 
* : {0,1,...,JV-1} — ► C, *(n) = e 2 £ ife °"T K (n-n ) 



is 



■F[*](fc) = c^^-fe)^ Ti(fc-fco). 
Particularly, we have (see Figure 2) 

|*(n)| 2 = |T K (n-n )| 2 and |.F[tf](A:)| 2 = |T 1 (fc-fc )| 2 - 
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3 A quantum-like description for price-ownership 



We consider a stock market with a large number ./V of traders and investigate the price 
of a fixed stock. We use a unit of cash chosen such that the stock price is less than TV 
units at any moment of time. Assuming that the only possible values of the price of the 
considered stock are 0, 1, 2, N— 1, we describe the stock price at a fixed moment of 
time by using a normalized function 

$:{0,1,2,...,J\T-1}— >C 

chosen such that |$(n)| 2 represents the probability to have a price equal to n units of cash 
if a transaction takes place. We label the traders (in a more or less natural way) by using 
T , Ti, ... ,Tjv_i and consider that the number |_F[$](fc)| 2 represents the probability that 
the stock owner is T\. 

In the case when the stock price is described by 8 m we have (see Figure 1) 

\S m (n)\^{ I I 1 = 1 and |JF[* m ](*)|' = 1. 

This means that the stock price is m (units of cash) , and the probability for each trader 
to be the owner is the same, namely, 1/N. We know with precision the price but we 
have no information on the stock owner. 

In the case when the stock price is described by the function *S> from Example 2, 
we have only partial information on the price, but we have at the same time partial 
information on the owner. The stock owner is To, Ti, ... ,T/v-i with the probabilities 
|J"[*](0)| 2 , |.F[*](1)| 2 , ... , |J"[*](iV-l)| 2 , respectively (see Figure 2). If a transaction 
takes place, the stock price is 0, 1, TV— 1 with the probabilities |^(0)| 2 , ^(l)! 2 , ... , 
|\[>(iV-l)| 2 , respectively. 

The functions So, Si, ... , Sjy-i form an orthonormal basis in the space H, 

I A A \ — f ^ ^ n = m 
{d n ,d m ) - | Q . f 

and any function $ describing the stock price is a superposition of these functions 

JV-l 

$ = $(m ) Sm With *( m ) = ( S ™,®)- 

m=0 

4 Price and ownership operators 

In quantum mechanics, in the case of a particle moving along an axis, the position and 
momentum are described by the linear operators tjj i-> x ip and ip i-> pip defined as 

(x tp)(x) = x ip(x) and pip ~ —ih^-. 
They satisfy the relations 

p = F~ 1 xF and [x,p]=ih 

where [x,p] =xp— px is the commutator of x, p, and h is Planck constant divided by 2n. 
The mapping 

p:H — >H:p^p(p, (p<p)(n) = n<p(n) 
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n 


An 


n 


An 


n 


An 




1 


-133.965206767811 i 


8 


3.342253797136 i 


15 


3.342253907182 


i 


2 


-27.116000868817 i 


9 


3.342253804904 i 


16 


3.342264884479 


i 


3 


0.563232849284 i 


10 


3.342253804929 i 


17 


3.342954064008 


i 


4 


3.198831527436 i 


11 


3.342253804929 i 


18 


3.369561581989 


i 


5 


3.337619084687 i 


12 


3.342253804929 i 


19 


4.015171698810 


i 


G 


3.342159991389 i 


13 


3.342253804930 i 


20 


13.739015316163 


i 


7 


3.342252660619 i 


14 


3.342253805426 i 


21 


92.750113443389 


i 



Table 1: The eigenvalues A„ of the commutator [p, O] in the case N = 21. 

is a linear operator, we call the price operator. Since 

p 8 m = m 6 m 

the function S m is an eigenfunction of p corresponding to the eigenvalue m. The eigen- 
functions of p are exactly the functions corresponding to the cases when the stock price 
has an exactly known value. If $ is a normalized function then the number 

N-l 

{p) = ^ 1 p^)=Y j nMn)\ 2 

n=0 

represent the mean value of the price. 

The linear operator defined in terms of the finite Fourier transform as 

O-.H — >H, = T~ x pT 

represents the ownership operator. Since 

0(F- 1 [6 m ]) = m(T- 1 [5 m }) 

the function T~ [S m ] is an eigenfunction of O corresponding to the eigenvalue m, and 

JV-l 

The operators p and O play a role similar to x and p. If N is large enough, then 

[p,0]w(JV/27r)L 

For example (see Table 1), in the case = 21 most of the eigenvalues of the operator 
[p, 0] = pO- Op are approximatively equal to 21/2tt = 3.3422538049298020511... 

In quantum mechanics [1] , two variables are said to be compatible if they can simul- 
taneously be defined with infinite precision. Two compatible variables are represented by 
commuting linear operators. Since pO ^ Op, the variables p and O are complementary 
observables which cannot be defined simultaneously with infinite accuracy. 

5 Limit imposed by uncertainty relation 

In quantum mechanics, the uncertainties in x and p, described by using the root-mean- 
square deviations Ax = \J (x 2 ) — (x) 2 and Ap — \J (p 2 ) — (p) 2 satisfy the relation 

Ax- Ap> \h. 
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From the used mathematical formalism it follows that the uncertainties in p and O 



Ap = V(p 2 ) - (p> 2 - V^p 2 *)-^,^) 2 

AO = v/<C 2 ) - <C> 2 = v/^.C 2 *) ~ (*,C$) 2 
satisfy the generalized uncertainty relation 

Ap-AO>\\([p,0})\ (1) 

where ([p, O]} = ($, [p,0]$). Generally, the accuracy in p cannot be improved without 
a corresponding loss in the accuracy of O. In the case when Ap ^ 0, AO 7^ and 

Ap-A0=i|([p,O]}| 

we have a maximum of information concerning both the price and the ownership. For 
example, in the case of the Gaussian type function (see Example 2) 

: {0,1,..., 20} — > C, *(n) = e win Ti(ra-lO) 

we have Ap • AO w 1.6711269024646 and ||i w 1.6711269024649, that is, 

Ap-AO^\\([p,0})\. 

6 On the time evolution of the stock price 

The main purpose of a mathematical model concerning the stock price is to anticipate 
the price. We can only predict probabilities. By following the analogy with the quantum 
mechanics, we assume that the time dependent function $(n, t) describing the stock price 
satisfies a Schrodinger type equation 

d (O 2 \ 

where \x is a positive parameter and V(p, t) is a time dependent function describing the 
interactions between traders as well as the external economic conditions. The function 
3>(n,t) is well-determined if its values $(n,io) at a fixed moment of time to are known. 
A large variety of cases can be easily investigated by using, for example, the computer 
program in MATHEMATICA presented in [13]. 

7 Concluding remarks 

The relation price-ownership is similar to the relation position-momentum from quantum 
mechanics. The proposed description, based on the mathematical formalism used in the 
the case of quantum systems with finite-dimensional Hilbert space, may help us to better 
understand this relation playing a fundamental role in finance. 



7 



References 

[1] A. Messiah, Quantum Mechanics, vol. I, North-Holland, Amsterdam, 1961. 

[2] B. E. Baaquie, Quantum Finance, Cambridge University Press, Cambridge, 2004. 

[3] F. Bagarello, J. Phys. A 39, 6823 (2006). 

[4] C. Zhang and L. Huang, Physica A 389, 5769 (2010). 

[5] P. Pedram, Physica A 391, 2100 (2012). 

[6] C. Delcea and E. Scarlat, Economic Computation and Economic Cybernetics 
Studies and Research 44, 77 (2010). 

[7] A. Vourdas, Rep. Prog. Phys. 67, 267 (2004). 

[8] W. Magnus, F. Oberhettinger and R.P. Soni, Formulas and Theorems for the 
Special Functions of Mathematical Physics, Springer- Verlag, New York, 1966. 

[9] N. J. Vilcnkin and A.U. Klimyk, Special Functions and Integral Transforms, Kluwer 
Academic, Dordrecht, 1992. 

[10] E. T. Whittaker and G. N. Watson, Cambridge Mathematical Library: A Course 
of Modern Analysis, Cambridge University Press, Cambridge, 2000. 

[11] M. Ruzzi, J. Math. Phys. 47, 063507 (2006). 

[12] M. L. Mchta, J. Math. Phys. 28, 781 (1987). 

[13] L.-A. Cotfas, arXiv: 120+461^1 [q-fin.GNj, 2012. 



8 



